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Giant non-equilibrium fluctuations in diffusion in freely-suspended liquid films.
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Experimental work has shown that non-equilibrium concentration fluctuations arise during free
diffusion in fluids and theoretical analysis has been carried on. The results show that, in usual three-
dimensional fluids, the phenomenon is extremely weak, in terms of amplitude of the fluctuations
and of corrugation of the diffusion wave fronts. In this paper, we show that the phenomena strongly
depends on the dimensionality of the system: by extending the theory to two dimensional systems, we
show that the root mean square amplitude of the fluctuations and the wave front corrugation become
much stronger. We also present an evaluation of the Hausdorf dimension of the expected fluctuations.
Experimentally, two-dimensional liquid systems can be realised as freely suspended liquid films;
experiments and theoretical works on diffusion in such systems showed that the dynamics is deeply
affected by the viscous drag exerted by the fluids (e.g. air) surrounding the film. We provide an
evaluation of the drag on the fluctuations. In particular, we study the case of a concentration profile
that is initially gaussian: it can be directly compared with the results from a fluorescence recovery
after photobleaching (FRAP) experiment. We propose that this theory and the related experiments
can be relevant for describing the diffusion along the cellular membranes of living organisms.
PACS numbers: 68.15.+e: Liquid thin films; 68.65.-k: Low-dimensional systems; 47.10.+g: Fluid dynamics;
05.40.-a: Fluctuations phenomena; 05.70.Ln: Nonequilibrium thermodynamics; 66.10.Cb: Diffusion
I. INTRODUCTION
Fick’s flow arises whenever a concentration gradient is present in a multicomponent fluid. The presence of this
flux is the evidence of non-equlibrium condition; fluctuations much stronger than equlibrium ones have been reported
in systems during diffusion between couples of ordinary miscible fluids. [1–4] These non-equilibrium fluctuations
are originated by the termally excited velocity fluctuations, that displace volumes of fluid in layers with different
concentrations; it has been shown that this effect accounts for the whole Fick’s flow. [5]
Until now, the experiments were performed with usual three dimensional fluids, where the fluctuations are very
small [6]: in microgravity [? ] (a conditions under which they become stronger) the fluctuations are less than 1/1000
of the macroscopic concentration difference in the solution. The fluctuations are unlikely to produce any effect on
chemical reactions or on physical processes. In order to investigate the phenomenon in different dimensionalities, in
Sect. II, we recall the theory of non-equilibrium fluctuations [7] and we extend it to two-dimensional fluids. The result
is that the fluctuations are much more intense and the long wavelenght fluctuations significantly contribute to the
diffusion process.
As already highlighted, the diffusive flow can be seen as the effect of mixing due to the non-equilibrium fluc-
tuations [5]. In Sect. III, we show that the contribution of the long wavelength fluctuations is negligible in three-
dimensional fluids and thus the non-equilibrium fluctuations can be considered as the low-frequency tail of the diffusion
process, which mainly happens at the molecular level. On the other hand, the contribution of the long wavelength
fluctuations to the diffusion flow diverges for two-dimensional fluids, thus emphasising that the long wavelength fluc-
tuations play a major role in two dimensions. The divergence has been known since a long time as the so-called
“Stokes paradox”; here, the paradox is described in terms of the fluctuating hydrodynamics theory.
The extension of the fluctating hydrodynamics to two dimensions also allows us to evaluate the amplitude of
the fluctuations (see Sect. IV). We find that the fluctuations should be much stronger, of the order of 10% of the
macroscopic concentration difference.
Two-dimensional fluid models have been used for describing freely-suspended liquid films. The idea is that a thin,
freely suspended liquid layer should follow two-dimensional hydrodynamics on length scales longer than the layer
thickness. Many experiments have been performed on soap films [8–12], that consist of two monolayers of amphiphilic
molecules around a layer of water. The layer thickness ranges from the 4nm of the Newton black film to many
micrometers; features down to a fraction of a millimeter should be considered two dimensional [10]. Also liquid
crystals [13? ] can form films, by a different effect. Smectic A spontaneously form a layered structure, with the
elongated molecules aligned to the surface normal. When a film is drawn from this kind of liquid crystal, it is formed
by a set of monolayers, ranging from two to many hundreds [13]; the thickness can be selected with extreme accuracy.
Because of the absence of translational order in the monolayers, the film behaves as a two dimensional system. The
2membranes of cells of living organisms [? ] can also be considered as two-dimensional fluids, although their dynamics
is strongly affected by rigid structures inside them and by the interaction with the surrounding fluids.
Various hydrodynamic phenomena have been observed in two-dimensional systems, including turbulent and laminar
flows [9–12, 14] and convection [15]. The experiments are discussed in terms of two dimensional hydrodynamics. An
important result is that the role of the air surrounding the film cannot be neglected; in turbulent flows, it damps the
turbulent vortices. Rivera et al. [9] phenomenologically modeled this damping by adding a linear drag term in the
two dimensional Navier-Stokes equations. They found the dissipation due to air friction to be a significant energy
dissipation mechanism in their experimental system.
Other experiments addressed diffusion [13] and Brownian motion [8] in two-dimensional systems. Also in these
cases, the effect of air friction can be seen. Neglecting air friction, the mobility of a particle in a two dimensional
system should be infinite, that is, a particle subjected to a steady force should accelerate indefinitely: this constitutes
theso-called “Stokes paradox”, which would lead to an infinite diffusion coefficient. However, the viscous drag exerted
by the surrounding fluids quenches the low-frequency velocity fluctuations and decreases the mobility to a finite value,
given by the well-known Saffman formula. [16]. The formula has been tested both in soap films [8] and in liquid
crystal films [13].
In Sects. III and IV we also discuss the phenomenon of the non-equilibrium fluctuations in freely-suspended liquid
films taking into account the viscous drag of the fluids surrounding the film. We show that the amplitude of the
fluctuations is extremely strong also in this case and that the long wavelength fluctuations strongly contribute to the
diffusion process.
In Sect. V we graphically compare the fluctuations in three- and two-dimensional fluids and in liquid films with
viscous drag exerted by the surrounding gasses. We also show synthetic images simulating the fluctuations in the
three cases, along with the iso-concentration curves representing the diffusion wave fronts, which are corrugated due
to the presence of the fluctuations.
It has been argued [? ] that the iso-concentration curves are fractals; this conjecture has been proved to be false [6].
In Sect. VI we evaluate the fractal dimension of the iso-concentration curves in two-dimensional fluids. We conclude
that the iso-concentration curves are not fractal neither in this case.
The results should be valid for completely liquid films. In the conclusions, Sect. VII, we propose that the measure-
ment of deviations from the expected spectrum could be used to study the effect of rigid structures in the film, or
the interaction with surrounding media. Such information could be relevant for obtaining information on the cellular
membranes. Moreover, the motion of receptors on the cellular membranes could be affected by the non-equilibrium
fluctuations.
II. MATHEMATICAL MODEL OF THE NON-EQUILIBRIUM FLUCTUATIONS.
We use the so-called “fluctuating hydrodynamic” approach [17].
The velocity correlation function for a two- and three-dimensional liquid is:
〈
~n · ~u (~q, ω) ~n · ~u∗
(
~q′, ω′
)〉
= δ (~q − ~q′) δ (ω − ω′) KBTν
8π4ρ
q2 − (~q · ~n)2
ω2 + ν2q4
(1)
where ~u is the hydrodynamic velocity, n is a generic unit vector, and the wave-vector q is in R2 or R3 depending on
the dimensionality of the system. It sould be noticed that, in 2d, ρ is the superficial mass density.
The velocity correlation function for a freely suspended liquid film, taking into account the viscous drag exerted
by the surrounding fluids, is the sum of two functions of ω, with characteristic decay times associated to the viscous
damping in the liquid film and in the surrounding fluids. [18]. Here we report only the value of the velocity correlation
function for ω = 0: 〈
~n · ~u (~q, ω = 0) ~n · ~u∗
(
~q′, ω′
)〉
= δ (~q − ~q′) δ (ω′) KBT
8π4ρν0
q2 − (~q · ~n)2
q3 (qC + q)
, (2)
where the characteristic wave vector qC is:
qC =
2η1
hη0
, (3)
where η0 and η1 are the shear viscosities of the film and the surrounding fluid, ρ0 and ρ1 are the volumetric densities,
ρ is the surface density ρ = ρ0h, and h is the thickness of the film.
The characteristic wave vector qC represents the wave vector below which the velocity fluctuations are damped by
the viscous drag of the surrounding fluids. For a soap film in air, the values of densities are ρ0 = 10
3Kg/m3 and
3ρ1 = 1.3Kg/m
3. The effective viscosity of the film is ν0 = 1.6 · 10−6m2/s, [9], evaluated by means of Trapeznikov
relation [19]. The viscosity of air is ν1 = 1.43·10−5m2/s [20]. From these values, for a 2µm thick film, qC ≈ 1.2·104m−1,
corresponding to a 0.5mm wavelength.
The time evolution of the concentration c (~x, t) is given by convection and diffusion:
∂
∂t
c (~x, t) = −~u (~x, t) · ~∇c (~x, t) +D∇2c (~x, t) (4)
where ~u (~x, t) is the velocity field and D is the diffusion constant. The vectors can be in 3 or 2 dimensions, depending
on the physical system we want to describe.
We assume that the concentration gradient is a constant, since it is always much more than the fluctuations. In
Fourier space:
− iωc (~q, ω) = −~u (~q, ω) · ~∇c0 − q2Dc (~q, ω) (5)
By solving with respect to the concentration we get:
c (~q, ω) = −~u (~q, ω) ·
~∇c0
−iω + q2D (6)
From this expression, we obtain the correlation functions:
〈
c (~q, ω) c∗
(
~q′, ω′
)〉
= ∇c20
〈
~ˆz · ~u (~q, ω) ~ˆz · ~u∗
(
~q′, ω′
)〉
D2q4 + ω2
(7)
where ~ˆz is the unit vector pointing in the direction of the concentration gradient, as the z axis.
The static power spectrum of the fluctuations can be derived by integrating over ω. The calculation is performed
assuming that the diffusion time is much longer than the viscous time, since D ≪ ν:〈
c (~q, t) c∗
(
~q′, t
)〉
= ∇c20
π
Dq2
∫ 〈
~ˆz · ~u (~q, ω = 0) ~ˆz · ~u∗
(
~q′, ω′
)〉
dω′ (8)
In the case of two- and three-dimensional fluids, we use Eq. 1 and we obtain [2, 5]:
〈c (~q, t) c∗ (~q′, t)〉 = δ (~q − ~q′) KBT
8π3ρ
∇c2 1
νDq4
q2 −
(
~q · ~ˆz
)2
q2
(9)
For the case of the freely suspended liquid film, with viscous drag of the surrounding fluids, we use Eq. 2 for
expressing the velocity correlation function needed by Eq. 8:
〈
c (~q, t) c2 (~q′, t)
〉
= δ (~q − ~q′) KBT
8π3ρ
∇c20
1
ν0Dq3 (qC + q)
q2 −
(
~q · ~ˆz
)2
q2
(10)
III. FLUCTUATIONS AS THE ORIGIN OF FICK’S FLOW
In fluctuating hydrodynamic theory, the Fick’s flow ~Φ is interpreted as a fluctuation of flow with a non-vanishing
average [5]:
~Φ = 〈c (~x = 0, t = 0) ~u (~x = 0, t = 0)〉 . (11)
The only non-vanishing component of ~Φ is along the macroscopic concentration gradient ∇c, directed as the unit
vector ~ˆz. We express the fields in terms of their Fourier transform:
~ˆz · ~Φ =
∫ 〈
c (~q, ω) ~ˆz · ~u∗
(
~q′, ω′
)〉
d~qd~q′dωdω′. (12)
We express c (~q, ω) by using Eq. 6:
~ˆz · ~Φ = −∇c
∫
1
−iω + q2D
〈
~ˆz · ~u (~q, ω) ~ˆz · ~u∗
(
~q′, ω′
)〉
d~qd~q′dωdω′. (13)
4We rewrite the factor in the integral as:
~ˆz · ~Φ = −∇c
∫
iω + q2D
ω2 + q4D2
〈
~ˆz · ~u (~q, ω) ~ˆz · ~u∗
(
~q′, ω′
)〉
d~qd~q′dωdω′. (14)
The integral is a real number; this is consistent with the fact that the imaginary part of the integrand is an odd
function of ω that can be neglected:
~ˆz · ~Φ = −∇c
∫
q2D
ω2 + q4D2
〈
~ˆz · ~u (~q, ω) ~ˆz · ~u∗
(
~q′, ω′
)〉
d~qd~q′dωdω′. (15)
Now we assume that the time correlation of the velocity fluctuations is much shorter than the diffusive time:
~ˆz · ~Φ = −∇cπ
∫ 〈
~ˆz · ~u (~q, ω = 0) ~ˆz · ~u∗
(
~q′, ω′
)〉
d~qd~q′dω′. (16)
By comparing this expression with Fick’s law:
D = π
∫ Λ
Q
〈
~ˆz · ~u (~q, ω = 0) ~ˆz · ~u∗
(
~q′, ω′
)〉
d~qd~q′dω′. (17)
where we introduced the cut off wavevectors Λ, of the order of π/a, where a is the radius of the diffusing particle,
and Q ≈ π/L, where L is the macroscopic size of the fluid system.
By using Eq. 1 for calculating D with Eq. 17:
D =
KBT
8π3ρν
∫ Λ
Q
q2 − (~q · zˆ)2
q4
d~q (18)
For the three-dimensional case, we get:
D3D =
KBT
3π2ρν
(Λ−Q) (19)
and for the two-dimensional case:
D2D =
KBT
8π2ρν0
log
Λ
Q
(20)
By using Eq. 2 for calculating D with Eq. 17 for the case of the freely suspended liquid film with viscous drag:
D =
KBT
8π3ρν0
∫ Λ
Q
q2 − (~q · zˆ)2
q3 (q + qC)
d~q. (21)
By integrating:
DVD =
KBT
8π2ρν0
ln
Λ + qC
Q+ qC
(22)
The integrals leading to Eq. 19, 20 and 22 are graphycally represented in Fig. 1 after changing the integration
variable to ln q instead of q. We can see that, in all the cases, the integrals diverge for large values of the high-wave
length cut-off Λ; we set Λ = π/a, where a is the radius of the molecules.
In the three-dimensional case, only the long wave length components contribute to the diffusion. For example, from
Eq. 19 we can see that the 90% of the integral from 0 to Λ is reached by integrating over the wave lengths from Λ/10
to Λ, i.e. by considering only the lengthscales smaller than 10 times the molecular radius a: in three-dimensions,
diffusion is a process that mainly involves the molecular length scales. We can thus take the limit for Q→ 0 of Eq. 19;
we get a value that is of the same order of magnitude of the well-known Stokes-Einstein formula [21]:
D3D =
KBT
6πηa
(23)
In the two-dimensional case, the integral diverges for Q → 0. This is the consequence of the so-called “Stokes
paradox” [16], i.e. the divergence of the mobility of a particle in a two-dimensional liquid film when the size of the
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FIG. 1: Graphical representation of the diffusion coefficient as the integral of the velocity power spectrum for ω = 0. The
diffusion coefficient is the area below the curve, between the low- and high-wave length cut-offs Q and Λ.
film becomes infinite. In this two-dimensional case, the long wave lengths are not only relevant but even give a
divergence. In order to handle this case, we set the cut-off Q = 2π/L, where L is the macroscopic size of the liquid
film, in Eq. 20:
D2D =
KBT
4πρν0
log
L
a
(24)
The viscous drag exerted by the fluids surrounding the liquid film damps the velocity fluctuations at wave vectors
shorter than qC . In this case, the macroscopic length scales up to 2π/qC contribute to the diffusion, that is no more
a molecular process. Due to the damping, it is however possible to take the limit Q → 0 of Eq. 22; we get a value
that is of the same order of magnitude of the well-known Saffman formula for the diffusion coefficient of a particle on
a liquid film [8, 13, 16]:
DVD =
KBT
4πρν0
ln
2
γaqC
, (25)
where γ ≈ 0.577 is the Euler-Mascheroni constant.
IV. ROOT MEAN SQUARE AMPLITUDE OF THE FLUCTUATIONS.
The root mean square value of the fluctuations of concentration is calculated by integrating the power spectrum.
It has been already evaluated for the three-dimensional case [6]. The calculation requires the introduction of a low-
wavelength cut-off Q. We assume that Q ≈ 2π/L, where L is the length of the region over which the concentration
gradient is present; the concentration gradient is thus ∇c = ∆c/L. For the three-dimensional fluids, the root-mean-
6square amplitude of the fluctuations is [6]:
crms = ∆c
√
KBT
3π3ρLνD
(26)
This expression can be further elaborated by using the Stokes-Einstein relation [21], already expressed by Eq. 23, for
writing D in terms of the viscosity ν and the radius a of the diffusing particles. I obtain:
crms = ∆c
√
2
π
√
a
L
(27)
We thus conclude that, for three-dimensional systems, the amplitude of the fluctuations decreases as the macroscopic
length scale L of the system increases, with respect to the molecular size a. For L of the order of the mm and a of the
order of the nm, the fluctuation amplitude is of the order of 1/1000 of the macroscopic concentration difference across
the concentration gradient. The corrugation of the diffusion wavefront can be roughly evaluated as crms/∇c ∝
√
aL:
it’s proportional to the geometric average between the macroscopic length scale L and the molecular size a, showing
that the phenomenon is actually “mesoscopic” in amplitude, i.e. its amplitude is intermediate between the macroscopic
and microscopic length scale.
Now we extend the calculation of the root mean square value of the fluctuations of concentration, to the two-
dimensional case:
c2rms =
KBT
8π3ρ
∇c2 1
νD
∫ 2pi
0
dθ
∫ ∞
Q
qdq
sin2 (θ)
q4
(28)
=
KBT
16π2ρ
∇c2 1
νD
1
Q2
(29)
By defining the cut-off Q = π/L as above:
crms = ∆c
√
KBT
8π4ρνD
(30)
The parameter L does not explicitly appear in this expression for crms; however, D depends on L, as explained in the
Sect. III. We use Eq. 24 for expressing the diffusion coefficient D in Eq. 30:
crms =
∆c
π
√
log La
. (31)
We see that, also in this case, the fluctuation amplitude vanishes as the ratio L/a tends to infinity. However, the
dependence is through a logarithm and is thus much slower than in the three-dimensional case (Eq. 27). For example,
taking the case considered above, with L of the order of the mm and a of the order of the nm, the two-dimensional
fluctuation amplitude is of the order of 10% of the macroscopic concentration difference.
By approximating the corrugation of the diffusion wave fronts with crms/∇c, we get:
hrms =
L
π
√
log La
. (32)
We see that the corrugation is a relevant fraction of the thickness of the diffusion layer, e.g. of the order of 10% under
the above-mentioned conditions.
Now we calculate the root mean square value of the fluctuations of concentration for the freely suspended liquid
film with the viscous drag exerted by the surrounding fluids:
c2rms =
KBT
8π3ρ
∇c2 1
ν0D
∫ 2pi
0
dθ
∫ ∞
Q
qdq
sin2 (θ)
q3 (qC + q)
(33)
=
KBT
8π2ρ
∇c2 1
ν0D
(
1
qCQ
− 1
q2C
log
Q+ qC
Q
)
(34)
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FIG. 2: Root-mean-square amplitude of the non-equilibrium fluctuations of concentration in three- and two-dimensional fluids,
and in freely suspended liquid films surrounded by less viscous fluids. The amplitude is represented as a fraction of the
macroscopic concentration difference ∆c across the layer of thickness L over which diffusion takes place. The scale on the upper
border assumes a = 0.14 nm, the effective radius of water molecules. The value of qC is 100/m.
Here the diffusion coefficient D must be calculated by means of the Saffman formula Eq. 25:
crms = ∆c
1√
2π
1
L
√
ln 2γaqC
√
L
πqC
− 1
q2C
log
(
1 +
LqC
π
)
(35)
In the limit Q≫ qC :
crms = ∆c
1
2
√
π3
1√
ln 2γaqC
(36)
which has a value close to that of Eq.31. In the limit Q≪ qC :
crms = ∆c
1√
2π
1√
ln 2γaqC
√
1
LπqC
(37)
which has a 1/
√
L dependence similar to Eq. 27.
V. GRAPHICAL REPRESENTATION OF THE FLUCTUATIONS
Figure 2 shows a comparison between the root-mean-square amplitude of the non-equilibrium fluctuations of concen-
tration in three- and two-dimensional fluids, and in freely suspended liquid films surrounded by less viscous fluids. It
can be clearly seen that the fluctuations have a negligible amplitude in three-dimensional fluids, when the macroscopic
concentration gradient extends over a thickness of the order of millimeters; in the same conditions, the fluctuations
are quite intense in the two-dimensional fluids. The effect of the viscous drag exerted by the surrounding fluids is to
decrease the amplitude of the fluctuations when the size of the film becomes larger than the wavelength corresponding
to the characteristic wave vector qC .
Figure 3 shows simulations of the non-equilibrium fluctuations.
For the three-dimensional case, we start from Eq. 9 and we evaluate the concentration correlation along a section
with y = 0:
〈c (qx, y = 0, qz, t) c∗ (q′x, y = 0, q′z, t)〉 =
∫ 〈
c (qx, qy, qz, t) c
∗
(
q′x, q
′
y, q
′
z, t
)〉
dqydq
′
y (38)
8FIG. 3: Section of the fluid slab where diffusion takes place. The ratio between the slab thickness and the molecular radius is
L/a = 105. For each row, the image on the left is the concentration profile, represented in grayscale; the right image represents
the displacement of the concentration with respect to the constant-gradient macroscopic concentration profile. Iso-concentration
curves, i.e. the diffusion wave-fronts, are also shown. Top row: three-dimensional fluid. Center row: two-dimensional fluid.
Bottom row: freely suspended fluid film with viscous drag of the surrounding fluids.
We get:
〈c (qx, y = 0, qz, t) c∗ (q′x, y = 0, q′z, t)〉 = δ (qx − q′x) δ (qz − q′z)
KBT
64π2ρ
∇c2 1
νD
4q2x + q
2
z
(q2x + q
2
z)
5/2
(39)
For the two-dimensional case and for the freely suspended film with viscous drag of the surrounding fluid, Eqs. 9
and 10 directly give the correlation function of the fluctuations that can be observed on the film.
In Fig. 3 we can clearly notice that the fluctuations in the three dimensional case are nearly invisible, while they
are clearly visible in the two other cases. We can also notice that the iso-concentration curves are much more smooth
in the two-dimensional fluid.
VI. HAUSDORFF DIMENSION OF THE DIFFUSION WAVE FRONTS
It has been argued that the iso-concentration curves in three-dimensional fluids are fractals because they are self-
similar [? ]. This has been recently proved to be false [6]. In this section, we analyse the case of the two-dimensional
fluid, in which the fluctuations appear to be much stronger; we neglect the viscous drag of the surrounding fluids
because it would introduce a characteristic length scale qC thus impeding the existence of a scaling laws.
We first consider two points inside the solution, displaced along or perpendicularly with respect to the macroscopic
concentration gradient, and we evaluate the root mean square value of the concentration difference between them.
We call the two quantities δc‖ (δz) and δc⊥ (δx):
δc‖ (δz) =
√〈[
c (0, t)− c
(
~ˆzδz, t
)]2〉
(40)
9δc⊥ (δx) =
√〈[
c (0, t)− c
(
~ˆxδx, t
)]2〉
(41)
where ~ˆx and ~ˆz are the unit vectors perpendicular and parallel to the concentration gradient.
We will see that the integrals leading to such quantities do not diverge: hence they are a better local characterisation
of the fluctuations than the root mean square value.
In polar coordinates:
δc2‖ (δz) =
KBT
8π3ρ
∇c2 1
νD
∫ 2pi
0
dθ
∫ ∞
0
qdq
sin2 (θ)
q4
[2− 2 exp−iqδz cos θ] (42)
δc2⊥ (δx) =
KBT
8π3ρ
∇c2 1
νD
∫ 2pi
0
dθ
∫ ∞
0
qdq
sin2 (θ)
q4
[2− 2 exp−iqδx sin θ] (43)
The integrals cannot be easily calculated explicitly. By changing the integration variable to t = qδx and t = qδz,
we get:
δc‖ (δz) =
√
KBT
8πρνD
∇cδzΓ‖ (44)
δc⊥ (δx) =
√
KBT
8πρνD
∇cδxΓ⊥ (45)
where:
Γ‖ =
1
π
√∫ 2pi
0
dθ
∫ ∞
0
dt
sin2 (θ)
t3
[2− 2 exp−it cos θ] (46)
Γ⊥ =
1
π
√∫ 2pi
0
dθ
∫ ∞
0
dt
sin2 (θ)
t3
[2− 2 exp−it sin θ] (47)
The integrals converge and can be easily calculated numerically; we obtain the values Γ‖ ≈ 0.56 and Γ⊥ ≈ 0.95.
From Eqs. 44, we can conclude that the fluctuations are slightly more extended in the direction perpendicular to the
macroscopic concentration gradient.
Now we evaluate the corrugation of the iso-concentration curves. As above, we approximate the corrugation
h (δx) = c⊥ (δx) /∇c. We get:
h (δx) =
√
KBT
8πρνD
Γ⊥δx (48)
The dependence between h and δx is linear: h ∝ δx. In this case, a Hausdorff dimension 1 is expected [22, 23]. This
linear dependence is connected with smoothness, that, in this case, can be expressed by the Lipschitz condition; in
Fig. 3 we see that the iso-concentration curves are quite smooth. We can argue that the iso-concentration curves are
not fractal either in the two-dimensional case.
VII. CONCLUSIONS
Our result allow to conclude that the non-equilibrium fluctuations have a negligible amplitude in three-dimensional
fluids, when the macroscopic concentration gradient extends over a thickness of the order of millimeters; in the same
conditions, the fluctuations are quite intense in the two-dimensional fluids.
The above results should be valid for completely liquid films. However, important liquid films include the cellular
membranes, in which rigid structures are known to exist. We propose that the measurement of deviations from the
expected power spectrum could be used to study the effect of rigid structures in the film, or the interaction with
surrounding media. Such information could be relevant for obtaining information on the cellular membranes.
Moreover, we propose that the non-equilibrium fluctuations can affect the motion of receptors on the cellular
membranes.
10
Acknowledgments
[1] A. Vailati and M. Giglio, Nature 390, 262 (1997).
[2] A. Vailati and M. Giglio, Phys. Rev. E 58, 4361 (1998).
[3] D. Brogioli, A. Vailati, and M. Giglio, Phys. Rev. E Rapid Communications 61, R1 (2000).
[4] D. Brogioli, A. Vailati, and M. Giglio, J. Phys. 12, 39 (2000).
[5] D. Brogioli and A. Vailati, Phys. Rev. E 63, 012105 (2001).
[6] A. Vailati, F. Croccolo, and D. Brogioli, Amplitude and wave-front corrugations in non-equilibrium fluctuations in free
diffusion.
[7] A. Vailati and M. Giglio, Prog. Colloid Polym. Sci. 104, 76 (1997).
[8] C. Cheung, Y. H. Hwang, X. L. Wu, and H. J. Choi, Phys. Rev. Lett. 76, 2531 (1996).
[9] M. Rivera and X. l. Wu, Phys. Rev. Lett. 85, 976 (2000).
[10] H. Kellay, X. l. Wu, and W. I. Goldburg, Phys. Rev. Lett. 74, 3875 (1995).
[11] Y. Couder, J. Phys. Lett. 45, 353 (1984).
[12] Y. Couder, J. M. Chomaz, and M. Rabaud, Physica D 37, 384 (1989).
[13] J. Bechhoefer, J. C. Ge´minard, L. Bocquet, and P. Oswald, Phys. Rev. Lett. 79, 4922 (1997).
[14] M. A. Rutgers, X. l. Wu, R. Bhagavatula, A. A. Petersen, and W. I. Goldburg, Phys. Fluids 8, 2847 (1996).
[15] X. l. Wu, B. K. Martin, H. Kellay, and W. I. Goldburg, Phys. Rev. Lett. 75, 236 (1995).
[16] P. G. Saffman, J. Fluid Mech. 73, 593 (1976).
[17] L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Pergamon, New York, 1959).
[18] D. Brogioli, Correlation function of velocity fluctuations in a freely suspended liquid film.
[19] A. A. Trapeznikov, in Proceedings of the Second International Congress on Surface Activity, edited by Butterworths
(London, 1957), p. 242.
[20] D. R. Lide, Handbook of Chemistry and Physics (CRC Press, Boston, 1992).
[21] C. Tanford, Physical Chemistry of Macromolecules. (Wiley, New York, 1961).
[22] K. Falconer, Fractal Geometry: Mathematical Foundations and Applications (Wiley, New Jersey, USA, 2003), second
edition ed.
[23] H. Takayasu, Fractals in the Physical Sciences (Manchester University Press, Manchester, 1990).
 0.1
 1
 1e-05 0.0001 0.001 0.01  0.1  1  10  100 1000 10000 100000
f(x)
(-log(x)/2)1/2
1
(x/pi)-1/4
 1e-14
 1e-12
 1e-10
 1e-08
 1e-06
 0.0001
 0.01
 1
 0.1  1  10  100  1000
f(x,1.0)
f(x,10.0)
 1e-14
 1e-12
 1e-10
 1e-08
 1e-06
 0.0001
 0.01
 1
 0.1  1  10  100  1000
f(x,1.0)
f(x,10.0)
